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AIltPLANES IN HCRIZONTAj^ CL'R/ILINICAR FLJGHT.* 
By HeirricL Fanu- 

Vifar airr>lanef5 require not only high speed and the a'cility 
to climb raioidly, but also the ability to traverse sharp cun'-es 
quickly. An attempt is made, in the following note, to give a 
simple method of calculating horiiiontal curvilinear flight. A 
method for determining the area of the aileron and rudder sur- 
faces vTill also be indicated. The following discussion applies 
primarily to single and two-seater airplanss, although it can 
be extended to larger airplanes- 

Horizontal Curvili near Fligiht.- Two conditions must be dis- 
tinguished in connection with flight on a hori'sontal turn, viz., 
circular and spiral flight, 7/hile circular flight can be main- 
tained continuously, spiral flight forms a transition between 
two circular flights. Between rectilinear flight, Vnich may be 
considered as flight in a circle of infinite radius, and the 
smallest circle in which the airplane can fly, circu:'.ar flights 
of any desired radius can be flown. The most important equilib- 
rium condition to be observed, in connection with flight in a 
circle, is that the air resistance must be overcome by the pro- 

peller thrust -_ ; 

* From Technische Berichte, Volur.e III, No. 7, ryp. 36C-2S7. (1918) • 
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'^'he resultant R (of the weight and the horizontal centrifu - 

gal force F at right pn^len to V/) acts out-^-vard against the 
lift L (Fip;. 1). This rosultani^ 3.3 vrell as the lift, must be 
at right angles to the supDortino: cur:^aces. This is only r)Ossi- 
ble when the airplane is hanked in the turn. The angle of hank 
is determined by the magnitude of the centrifuga^l force, which, 
in turn, depends on the speed of the airplane a.nd the radius of 
the flight curve. 

The rudder and ailerons are used to maintain equilibrium 
in the turn- The action of the forces and the primary condi- 
tions of equilibrium will be explained later. It is only neses- 
sary to observe here that the total resistance or drag of the 
airplane is increased by the deflection of the control surfaces. 
In the case of combat airplanes, where turning is of sr)ecial 
importance, this increase, however, is very slight. The increase 
in airplane resistance m.ay, therefore, be disregarded and atten- 
tion concentrated on the calculation of the forces, the incli- 
nation of the airplane and the radius of the turn. 

The follOT7ing symbols will be used: 

S Area of s^apporting surface in square meters; 

W Flying xTeight of airplane in kilograms; 

P Output of engine in HP; 

R Resultant, in kilograms, of weight and centrifugal force; 

F Centrifugal force in kilograms; 

"b Span in meters; 
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Lift coefficient of airplane for angle of attack a; 

Drag coefficient of airplane for angle of attack a; 

e Eccentricity, in neters, of the resultant of the air forces 
with resnect to the center of gravity of the airplane 
(i.e., the perpendicular oistance between the lines 
R and L in Fig. l); 

g Acceleration due to gravity = 9.81 m/sec^; 

N Speed of ens:ine in revolutions per minute (R.P.M.); 

t Time in seconds required for completing a circular flight; 

V Velocity in meters per second; 

A Altitude of flight in meters; 

a Angle of attack in degrees; 

T Angle of inclination of the airplane in degrees (Fig. l); 

a Specific gravity of air in kilograms per cubic meter; 

T) Mean efficiency of propeller (including gearing); 

r Radius, in meters, of the circle flown. 

The index o will be used for values at the ground level 
and the index g at ceiling altitude. The values at altitudes 
where the airplane flies horizontally in a straight line with 
the angle of attack a are designated by the index a- 

The conditions of equilibrium, when flying in horizontal 
curves, are as follows- 

R = Cl S (1) 
V C 2g 



It is assumed that an ordinary gasoline engine is used with 
an output proportional to the density of the air. 

Thus, P - — (3) 
If this value is introduced into tquaticn (S), the vrelocity 

along the curve becomes > 

V = /lli^ (4) 

The coefficient of drag Cd , only denends on the angle of 
attacTc at which the curve is floirn. The velocity, therefore, de- 
pends only on the angle of attack a and is independent of the 
altitude at which the curve is flown- It corresponds to the ve- 
locity in straight horizontal flight with the same angle of 
attack a at the altitude A^- 

The resultant force R can be calculated from equation (!)♦ 
Here the value of V is still unknown; but if the value given 
in equation (4) is inserted, then 



/ =D § 



R ^ ^ (5) 



For flight in a straight line at the altitude A^, rrith the 
same angle of attack a, equation (1) must be replaced by 

W = Cl ~ S (6)* 



* See also Kann, "Climbing Ability of Airpla.nes," Technisciie 
Berichte, Volume I, No. 6, p. 231. 
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and, after inserting the value V from ecuetior). (4), 

^ / Cr " , .J a 
W = ^ ^7) 

0 

From equations (5) and (?) we get 

^ - ^ orR = W-^ (8) 

This simple expression shows that the resultant force R 

increases v/ith increasing departure from the altitude A^- 

Near the ground level, nhich is the maxinium distance from the 

altitude Aq, and v.lth the angle of attack a, ^^e obtain the 

a 

maxim.um value, R = W 

At the altitude A^, where, with the angle of attack a, it 

is only possible to fly in a straight line. Ha Equation (8) 

a 

shows further that R increases as the density of the air, — , 
decreases or the altitude Aa increases. If the curve is flown 

with the angle of attack at which the ceiling is reached (^a ^ ^r)^ 

o 

then the value of the resultant force becomes R = W -5- and the 
maximum value of R is finally obtained Tvhen flying in a circle 
close to the ground with the same angle of attack as at the ceiling. 

This value must be considered when calculating the strength 
of an airplane in curved flight. Figure 2 shows the ratio R : W 
plotted against the distance below t]:ie ceiling* 

'The relation between altituoc and atmospheric density, which 



varies rith ths sc-^con and . -.. -atber, co - -v, . %ie to the approx- 
in-ite forma la; « 

A - ?iS5J leg -i- (10) 

Figure 2 shoi.s that the resultant force R, at a distece, 
fCT exaiTiple, of 3S60 n telovr the ceiling, is 1.5 times and, at 
a distance of 6560 m, is twice the weight of the airplane. As 
the altit^Tue increases, the demands made on the strength oi the 
airplane in curving flight also increases. 

The centrifugal force F al;7ays acts at right angles to the 
force of gravity in horizontal curvilinear flight. Since the re- 
sultant force R is known, F c-n be calculated by using the 
the value of R obtained from equation (8). 

F = y R^^ - . (^1 - ^ (11) 

The angle of bank qp in the turn is found according to Fig. 
1 from 

tanT y (f^) - 1 (12) 

The "bank of the airplane, in horizontal cutv: linear flight, 
depends on the angle of attack and the distance hclo.7 the alti- 
tude at r^hich rectilinear flight, is possible vrith the same angle 
of attack. The b?nk attains a maximum in flight near the ground 
with the same angle of attack as at the coxling (5ig- 2)- An 
airrlane^ for instance, that can reaoli a ceiling of 700G m 
(22966 ft), hac a maximum bank of 61 •S^' -:hen flying in a turn 
near the gi-oundo 
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From the equation for the centrifugal :*'orce 



T-5 



IT (13) 



is found the radius of the circle flo^n 



W V^^ (14) 



by inserting the value of F from equation (11). 

The radius, therefore, attains its minimum value near the 
ground for every angle of attack ?/here a = a^. At the altitude 
Aa where rectilinear flight is possible, a = and, according 
to equation (14), r = . The radius of the circle can, there- 
fore, be diminished as the ceiling to vhich the airplane c'-n 
climb increases and as its speed decreases under these conditions. 
The conditions for this are: light weight per HP, good propeller 
efficiency, good aspect ratio (because the expression 0^/%^ on 
Y/hich the ceiling depends, thus becomes large) and lastly, a 
large supporting surface in proportion to the povrer and the i^^eight. 
This is most easily attained with rmltiplanes. Flight in charp 
turns is generally much more readily attained '7ith biplanes or 
triplanes than nith monoplanes. A higher value of Cl/Cd and a 
higher propeller efficiency in m.onoplanes tend, hoxvever, to enable 
even the monoplane to fly in sharp turns. 

The chief point, hovvever, is not to fly in the srallest pos- 
sible circle, but to complete a circle in the shortest possible 
time. The time in '^hich a circle can be com.pletcd is found by 



using eqv.ation (14} 

t = LTli- = dXJL^^:.^ (15} 

V g^T^f^af - 1 

The speed, lias less effect on the time required for completinr 
a circle than it has on the radius. Short periods of time are 
obtained when o^^ is small and rhen the airclane can reach high 
altitudes, i.e., has good climhing- ability. An airplane that 
climbs well can, therefore, make a small circle in a short space 
of time- 

Variations of radius and time for completing a circle, ^irith 
variations in the angle of attack, v/ere determined on the B IV 
airplane of the Siemens-Schuckert Works. The following character- 
istics of this airplane are needed for the computation. 

t; eight during flight VOO kg (1543 lb) 

Engine pov;er 200 K? 

Area of supporting su.xfaces 15.2 m^ (163.6 ft ) 
Mean propeller efficiency 0.70 
The coefficients 0^ and Cl/cJ are given in Fimire 3. 

With the above data, the atmospheric density ^"^^ 
from f~ 



,,3 

358 Ti^ 



. / %: (16) 



and the approximate altitude from 

^ 21850 log g 



^ (17) 



a 
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The velocity :. s calcula-ted iroir. equation (4), tne radii froir 
equation (14) and the tire reouiced Tor completing the flight 
circle frcm equation (l5). The radii and time were plotted in 
Figures 4 and 5 against tha angle of attack at various altitudes. 
The radii were also plotted in Figure 6 against the altitude at 
various angles of attack. As follows from Figure 4, the snallest 
circle was obtained close to the ground, with an angle of attack 
of 14°. With increasing altitude the angle of attack approaches 
the value of 12°, for which d-^/G^ has a maximum value (Fig. 3). 
Figure 5 shows a similar result for the minimum time. In this 
case, the minimum time is obtained near the ground, with an angle 
of attack of 12»9°, which closely approaches 12° as the altitude 

increases. There is practically no difference between the tim.e 
required for flying round a circle with an angle of attack of 12° 
and the time required with the angle of attack corresponding to 
the actual minimum time. This sngle may, therefore, be utilized 
in an approximate calculation of the circles that can be flown 
in the shortest time. 

Approximate Cal culation for Flight in a. Hc_riz pntal Circle . - 
There is hardly any perceptible error, as shown by Figure 5, in 
calculating the shortest time for flight in a circle with the 
angle of attack at the ceiling. Moreover, the radius obtained 
with the angle of attack at the ceiling differs so very little 
from that of the smallest circle, that the latter may be consid- 
ered as determined. By starting, therefore, with the angle of 
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at-;-.?cl<: at the ceiling-, '-^e obtain the following: simple method of 
calculation, v^hich is an exoellcnu tasls for the comparison of 
airplanes. 

1. Air density at the maximum altitude and the maximum altitude 
itself. . 

3 / ^.3 

/ 358 ri^ 
%- ^ -^SL-X13^. (18) 



p. 
\ 



Ag ■-= 21830 log (IP) 



a 



2. Speed at the maximum altitude: 



^/ !L£dJL_ (20) 



When the time required for climbing and the speed have already 
been calculated, these data are already known^ 
3. Radii for all altitudes: 



r = V' (21) 



4. Mini;mm time for completing flight in a circle at all altitudes 

^ _ Y (22) 

5. Bank and resultant force according to Figure 2. 



The ■'.^alusG plo-^-tcd in Figure relating to the L 17 airplane 
of '-1x6 oiemens-Schuc^er-*: 70x\i}, ■■::^£'=: cal.nulated from tnese for- 

Hov; t:ie calcvJa'jed vaj.i:£G can be used for the 'juroose 
01 ocmparison is siio7vn oy the radii c:nd mininurr' time for cc-n- 
pletirg flight in a circle calculated for foreign aircraft 
(Figs. 8 and 9) . 

Act ion of Rudd er during Flight in _a. Ko rizgrLt^_C.ircle. . - 
Equilibrium in a turn ic mainta.in-d by the ailerons and rudder. 
The elevator controls the angle of attack of the cupoorting 
wings, as in climbing and in horizontal rectilinear flight. 
The deflection of the elevator in a turn is different, however, 
from -vhat it is r/hen flying in a straight line "/ith the same 
angle of attack, since the resultant force F. in a turn re- 
places the force of gravity and the air flo" past the elevator 
is altered. The effect on the total drag is, however, generally 
so slight that it may be neglected. 

During flight on a horizontal curve the outer parts of an 
airplane have a greater velocity than the inner parts. The air 
forces, which vary as the square of the velocity, are, therefore, 
considerably greater on the outer than on the inner side, re- 
sulting in the outward displacement of the center of pressure. 
Two pairs of forces are thus created. One pair, formed by the 
lift and the resultant force R, tend to incline the ainilane 
more strongly ini^ard (Fig. 1). An equal and op'->osite turning 
moment must, therefore, be produced by inclining the ailerons. 



The inner aileron is lov;ered, in order to produce a greater angle 
of attack on the inner side, ^;7hile the outer aileron is raised, 
in order to diminish the angle of attack on the outer side. 
The other pair of forces, procAiced Toy the drag and propeller 
tuiTist, tend to pull the airplane out of the turn (Fig. 10). 
The rudder raust, therefore, be turned inv/ard, in order to pro- 
duce a noment in the opposite directionc The ailerons act in the 
same manner as the rudder. By inclining the outer aileron up- 
vv'ard, the resistance on the outer side of the airplane is dimin- 
ished and, by inclining the inner aileron downward, the resis- 
tance on the inner side is increased. In this way, a turning 
moment is produced similar to that produced by moving the rudder 
(Fig. 10). 

There is practically no change in the total lift and drag 
through the inclination of the ailerons, because the quantity 
subtracted from the outer side is added to the inner side. The 
forces exerted by the rudder produce, ho\7ever, tvro secondary 
effects. The total drag of the airplane is increased by the re- 
sistance of the ailerons and the lift on the rudder tends to 
force the airplane downward and outward fron the circle. A some- 
what greater bank of the airplane is, therefore, required, which 
itself produces part of the lifting force of the supporting sur- 
faces and thus neutralizes the effect of the rudder. 

The deflection of the ailerons and rudder in the curve is, 
therefore, determined by the turning m.omients produced by the 
lift and drag of the airplane on the lever arm e (Fig. 10), 



the latter being the perpendlraJar distance of the lift ard dri=g 
resultant from the center of gravity of -^le, 3.: vplane. In order 
to determine these Ir.pOx^tai-t ^^alucs (flrbt for Vne siiTip^esl: case) 
it ic assumed that the supporting surface has a span t). of uni- 
form chord (Fig. 11), the coefficients of lift ana drag being, 
therefore, equal along the r/hole span. The pIt reaction on a 
portion of the surface of the width dx is proportional to the 
square of its velocity, and this x^elocity is, in turn, proper- 
tional to the radius r at this point and, therefore, also pro- 
portional to the distance x, as is readii3^ seen from Fig- 11- 
V/e can, therefore, reckon the air force on dx as proportional 
to x^ dx and the air reaction on the total area as propor- 
tional to the sum of all the x^ dx- The distance e is then 
determined from the static moment of the sum of all the x^ dx 
about any point and from the sum of the static momxents of all 
the single x^ dx about the sam.e point. If, for the sake of 
simplicity, we choose the point o, then 

(y e) 

and 

e 

Since b^ is very small in comparison with 12y^, we may. 




2jLbl_ (23) 

12y^ + b^ 



T/ifnout arxV great e^ror, aesurie b*^ =- 0 in the denoirdnator . 
Accoicin'^ to Fir- "Ix ^^e f^irtrr' fi:^.o. y ^ "r"^Tr,> * 
We thbrefnie fr-^Li equa!;ion '"3) 

2 

e - ^ 5 coscp (24) 
b r 

Primarily^ this expression only applies to sing^le i/ings- 
The subsequent calculation shows that the formula 

e - ^ ^%os cp (25) 
r 

applies to the entire airplane* 

f must be computed separately for each type of airplane 
and for the lift and the drag, f is diminished by bringing the 
individual mrts causing structural drag nearer the center of 
gravity, thereby decreasing e. Consequently, supporting sur- 
faces -^rith smaller chords at the ends than in the middle, give 
especially small values* For larger airplanes, e increases 
rapidly, viz., with the square of the span, as shiown by equation 
(25). 

The turning momients exerted by the ailerons and rudder can 
be calculated when the leverage is known. The turning miO:uent 
produced by the pair of forces, the lift and the resultant R, 
is Mq = L e. If, therefore, we substitute the value of e from 
equation (25) for L ^- R , we then have 

COSCP' 

Mn = fr W (26) 
This turning moment must be neutralized by the ailerons. 
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The pair of forces, propeller thrust and drag, produce the turr- 
ing moment LI^ = D c. 

With D ^ L = Tp- ^^^^'^'^ the value of e from 

Oj, CO£ cp Cl 

equation (25) xve get 

Mrp fQ ^ (27) 

r 

This turning moment .rust be neutralized by the ailerons 
and rudder. 

Equations (26) and (27) shoT? that the turning m.omcnts. 
TThich must be exerted by the rudder, increase v;ith the weight 
and the square of the span of the airplane- The turning moment 
for any given airplane de-oends only on the radius of the turn 
and becom.es a maximiami for the sharpest turn. 

If a sufficient numiber of measurements of the air forces 
on the ailerons and rudder (on models) were available, it v;ould 
not be difficult to give a numerical example for the required 
deflection of the rudder. Preliminary cnlculations sho'j that, 
single-seat combat airplanes, deflections of 1.5^ to 3^ are 
required for the sha^rpest turns. The increase in the drag m.a^y 
here be neglected, so that equations (18) to (22) -rill give, 
with practical accuracy^ the principal data on the curvilinear 
flight of combat airplanes. After these data have been deter- 
mined, the turning mioments, which must be exerted by the rudder, 
can be calculated and the size of the rudder determdned. If a 
quick transition to the sharpest curve is desired, then the 



- 16 - 

redder riust be of such dimensions that only a small deflection 
is required in the sharpest curve. There is then, up to the max- 
imum deflection of 15^, a reserve that can he utilized for 
quick transition into the turn and which, in conjunction with 
the time of quickest turn, Tjill furnish a satisfactory m.easure 
of the turning power of an airplane in horizontal flight- The 
best airplanes have about 8-fold reserve rudder deflection* 

Tre^nsition into a Ho rizontal Turn.- It is possible to change 
from straiglit flight to a horizontal turn by deflecting either 
the rudder or the ailerons. If the rudder is deflected, then 
the turning moment Lrp h^ (Fig. 10), is produced, which at the 
same time overcomes the m.oment of inertia and causes the tran- 
sition into the turn. The drag D at once exerts a counter- 
moment on the lever-arm e, while the lift on the lever-arm e 
produces the turning moment v/hich banks the airplane. This 
method is employed principally for cLirves vrith large radii. 
V/hen, however, it is desired to loass quickly into a sharp turn, 
the ailerons are used (Fig- 12) • 3y this means, the airplane 
is first banked, whereby the m.oment of inertia about the longi- 
tudinal axis of the airplane must be overcome. The lift, act- 
ing at right angles to the ^-ings, then produces the com.ponent 
force L sin which forces the airplane into the turn. The 
calculation of these reactions is omitted here, because the de- 
termination of the various m.om.ents of inertia is too lengthy • 
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Reaction of the Propeller .- When the center of gravity of 
the airplane lies in the plane of symmetry and there is only one 
propeller 3 the ailerons and the rudder must overcom.e the turn- 
ing moment of the propeller. If the propeller, as viewed from 
the pilot's seat, revolves clockwise, an anticlockwise turning 

moment of -n , . 

M = 716 I (28) 
N 

is exerted on the airolane* 

In order that this turning moment may be neutralized hy the 
ailerons, the right-hand aileron must be raised a.nd the left- 
hand one lowered (as viewed from the pilot's seat), so that the 
drag is increased on the left and decreased on the right. The 
new turning m.oment, produced in this m:anner, must be neutralized 
by deflecting the rudder to the right. If the propeller re- 
volves in the opposite direction, the control surfaces must be 
deflected in the opposite direction. The normal positions of 
the ailerons and rudder in engine-driven flight are therefore 
determined by the direction of rotation of the propeller. This 
must therefore be taken into consideration in connection with 
curvilinear flight- If, therefore^ the propeller revolves clock- 
wise, the deflection of the ailerons is smaller and that of the 
rudder greater in a turn to the right, than in a turn to the left, 

Summar y.- In view of the fact that the curve of total drag 
in combat airplanes is only slightly increased by the deflection 
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of tlie rudder, a simple formula is given for the quickest 
flight turn and a basis is derived for rudder cclculations. 
The quickest turn and the reserve rudder deflection constitut 
a criterion of the turning ability of an airplane in horizon- 
tal flight. 

Translated by 

National Advisory Committee 
for Aeronautics. 




Fig. 1 Principal air forces and 

action of ailerons in hor- 
izontal curvilinear flight. 
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Fig> k- Radii of horizontal turns 
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plotted against the angle of 
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Angle of attack 
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for QomriXetiag a circle plotted against 
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Fig, & Time required for completing a circle and tne 
radii of the turn for three foreign airplanes, 
plotted against the altitude with the angle of 
attack rit the ceiling. 
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Fig. 9 Time required for completing a circle and 
radii for three foreign airplaxies, plotted 
against the altitude -.vith the angl^c of atta 
at the ceiling. 




Fig. 10 Principal forces and actions 
of the rudder during flight 
in horizontal turns. 



Figs, 11 & 12 




Fig. 12 Initiation of curvilinear flight 
by deflecting the ailerons. 



